Abstract. We describe several methods to construct minimal foliations by hyperbolic surfaces on closed 3-manifolds, and discuss the properties of the examples thus obtained.
Introduction and motivation
Foliations by surfaces generalize compact surfaces in many ways. Poincaré's Uniformization Theorem tells us that most compact surfaces are hyperbolic -namely, those with negative Euler characteristic. In a similar way, many (arguably most) foliations by surfaces are hyperbolic in the sense that they admit a Riemannian metric along the leaves with constant curvature −1. In the 1960's, Lickorish proved that any closed orientable 3-manifold admits a foliation by surfaces, but in his construction there is always a toral leaf that bounds a Reeb component. Some explicit descriptions of foliations by hyperbolic surfaces appear in the works of Calegari, Fenley, and Gabai, who, motivated by the work of Thurston, used foliations and laminations in the study of 3-manifolds.
On the other hand, the geodesic and horocycle flows over compact hyperbolic surfaces have been studied in depth since the work by Hopf and Hedlund in the 1930's. The minimality of the horocycle flow for foliations and laminations by hyperbolic surfaces has been recently dealt with in several papers by the authors and Matsumoto, see [2, 3, 22, 23] . Specifically, in [3] , we showed the following dichotomy for any foliation F by dense hyperbolic surfaces on a closed manifold M : Either all leaves of F are geometrically infinite (i.e. with non finitely generated fundamental group) or the leaves without holonomy are simply connected and all essential loops represent non trivial holonomy. In the former case (where all leaves have infinitely many ends, infinite genus, or both), we proved that the horocycle flow on the unit tangent bundle of F is also minimal (i.e. all its leaves are dense).
Thus, from this double perspective, we are interested in knowing which 3-manifolds admit foliations by hyperbolic surfaces, and we ask ourselves: Given one of the eight Thurston geometries, is there a manifold M , admitting such a geometric structure, and having a foliation F by hyperbolic surfaces? Of which type? As proved by Yue in [37, Theorem 1] , if a compact 3-manifold M admits a foliation by surfaces of negative curvature, then its fundamental group π 1 (M ) must have exponential growth. Therefore, Yue's theorem implies that any closed 3-manifold admitting a geometric structure of type S 3 , S 2 × R, R 3 or N il does not admit a foliation by hyperbolic surfaces since its fundamental group is finite or infinite with polynomial 2010 Mathematics Subject Classification. Primary 57R30. This work was partially supported by Spanish MINECO/AEI Excellence Grant MTM2013-46337-C2-2-P, Galician Grant GPC2015/006 and European Regional Development Fund, Grupo CSIC 618 (UdelaR, Uruguay) and project PAPIIT IN106817 (UNAM, Mexico). The authors Françoise Dal'Bo, Matilde Martínez, and Alberto Verjovsky would like to thank the University of Santiago de Compostela for its hospitality.
growth. On the contrary, for each of the geometric structures Sol, H 2 × R, SL(2, R) and H 3 , there are manifolds admitting minimal foliations by hyperbolic surfaces. Any closed orientable 3-manifold modeled on the solvable group Sol is the quotient T
3
A of the product T 2 × R by the Z-action generated by f (x, y, t) = (A(x, y), t + 1), where A is a linear hyperbolic automorphism of T 2 . The suspension of A gives an Anosov flow on T 3 A , which is induced by the vector field ∂/∂t. The center-unstable foliation F of this flow -namely, the foliation induced by the product of the unstable foliation F + A associated to the eigenvalue |λ| > 1 and Ris a foliation by hyperbolic surfaces. As we shall see in Theorem 3, since the fundamental group of T 3 A is solvable, it does not admit a foliation with geometrically infinite leaves.
As for 3-manifolds which are either modeled on H 2 × R or SL(2, R), we shall show in Proposition 1 that both types of hyperbolic surfaces, geometrically finite and infinite, can be realized as leaves of minimal foliations using the classical suspension method from the representation of a Fuchsian group. In Section 3, we apply three different methods, also classical in some sense, to construct other examples of minimal foliations by geometrically infinite surfaces on this kind of manifolds, or some which do not admit any geometric structure.
In the core of the paper, we deal with the construction of minimal foliations by hyperbolic surfaces on hyperbolic 3-manifolds. Foliations by hyperbolic surfaces are known to exist on closed hyperbolic 3-manifolds, see [4] , [10] and [32] . Examples without compact leaves have been constructed in [24] and [25] . Minimal foliations by geometrically finite surfaces also appear as center-stable foliations of transitive Anosov flows, which are known to exist on hyperbolic manifolds. Here, we present two families of minimal examples with geometrically infinite leaves and different transverse dynamics.
In Section 4, we construct foliations without holonomy. These can only exist in fiber bundles over S 1 , see [34] . In [7] , Cantwell and Conlon proved that the leaves of any C 2 foliation without holonomy are homeomorphic to the plane, the cylinder or the hyperbolic surfaces with one or two nonplanar ends, see Figure 1 . The only closed 3-manifold admitting a C 2 foliation by planes is T 3 [28] , whereas the closed 3-manifolds admitting a C 2 foliation by cylinders are nilmanifolds [19] . We prove: Theorem 1. Let M be a closed orientable hyperbolic 3-manifold that fibers over S 1 with fiber Σ. Assume that the first Betti number b 1 ≥ 2. Then M admits a minimal foliation without holonomy F whose leaves are diffeomorphic to an abelian regular cover of Σ.
In Section 5, we describe another method to obtain minimal foliations by geometrically infinite surfaces on hyperbolic 3-manifolds from the center-(un)stable foliation of the Anosov flow on T
A via branched coverings. More precisely, we prove: Theorem 2. Let M be a closed orientable hyperbolic 3-manifold that fibers over S 1 . Assume that the monodromy has oriented unstable manifolds and the stretch factor is quadratic over Q. Then M admits a minimal transversely affine foliation F whose leaves are geometrically infinite surfaces.
In both cases, up to a homeomorphism preserving the fibration, the monodromy (and hence the manifold and the foliation) can be always assumed of class C ∞ . Finally, in Section 6, we illustrate this construction via branched coverings with two examples done with "bare hands".
All the examples we construct are R-covered since the leaf spaces of the lifted foliations to H 3 are diffeomorphic to R. Theorem 1 provides foliations without holonomy which are uniform [32] since any two leaves in H 3 are a bounded (in fact, constant) distance apart. On the contrary, all the foliations obtained from Theorem 2 are not uniform since they have the same transverse structure as the unstable foliation of the Anosov flow on T 3 A , see [4] and [32] . Using the continuous extension property from [10] , it is possible to adapt the argument of [6] describing the universal circle of F and proving that it is a 2-sphere-filling Peano curve.
2. Some preliminaries 2.1. Foliations. A foliation by surfaces F on a closed 3-manifold M is given by a C ∞ atlas {(U i , ϕ i )} which consists of homeomorphisms ϕ i :
2 and an open interval T in R such that the change of coordinates has the form
i ({x} × T ) being its transversal. The sets of the form ϕ −1 i (D × {q}), called plaques, glue together to form maximal connected surfaces called leaves. A foliation is said to be minimal if all its leaves are dense. The tangent bundle T F and the normal bundle N F = T M/T F are naturally trivialized on each foliated chart. The foliation F is tranversely orientable if N F is orientable. In this paper, we will always consider transversely orientable C ∞ foliations on closed oriented 3-manifolds. In each foliated chart we can endow the plaques with a Riemannian metric, in a continuous way. Gluing the local metrics with partitions of unity gives a Riemannian metric on each leaf, which varies continuously in the C ∞ topology. Each leaf is then endowed with a conformal structure, or equivalently, with a Riemann surface structure. According to [5] and [35] , if all leaves are uniformized by the Poincaré half-plane H 2 , the uniformization map is continuous and leaves have constant curvature −1. We say that F is a foliation by hyperbolic surfaces. Recall that a hyperbolic surface S is the quotient of H 2 under the action of a torsion-free discrete subgroup Γ of the group P SL(2, R) of orientation preserving isometries of H 2 . When Γ is of finite type we say that S is geometrically finite, else it is geometrically infinite.
The following theorem summarizes some important results by Haefliger [17] and Novikov [26] , as well some improvements by Rosenberg [28] and Hector [19] : Theorem 3. Let F be a foliation by surfaces of a compact 3-manifold M . Assume F does not contain a Reeb component. Then the following properties are satisfied:
(3) Any closed transversal γ represents a nontrivial and non-torsion element of the fundamental group of M , and therefore, π 1 (M ) is infinite. (4) If π 1 (M ) does not contain a free group with two generators, then all leaves are planes or cylinders, and F has both planar and cylindrical leaves when they are hyperbolic.
2.2.
Geometrization of surface bundles and 3-manifolds. Let Σ be a closed orientable surface of genus g ≥ 1, and let ϕ : Σ → Σ be an orientation-preserving homeomorphism. If g = 1, then ϕ is isotopic to a linear automorphism of the torus T 2 . This is given by the 2 × 2 matrix
of the automorphism ϕ * : are stretched by a factor of λ and 1/λ respectively. If g ≥ 2, according to a theorem of Thurston [31] , the first two cases also appear, although the third case is much more subtle. Namely, up to isotopy, one of the following alternative holds:
(1) ϕ is periodic, i.e. there is an integer n ≥ 1 such that ϕ n is the identity I. (2) ϕ is reducible, i.e. ϕ preserves the union of finitely many disjoint essential simple closed curves in Σ. (3) ϕ is pseudo-Anosov, i.e. there is a pair of transverse singular foliations F ± ϕ endowed with transverse invariant measures µ ± having no atoms and full support and there is a real number λ > 1 such that the foliations F ± ϕ are invariant by ϕ but the measures ϕ * (µ
Let M ϕ be the mapping torus given as the quotient of Σ × [0, 1] by the equivalence relation that identifies (x, 0) with (ϕ(x), 1). By construction, it has a natural fibration q :
If g ≥ 2, Thurston's geometrization theorem for surface bundles [33] states:
Thurston's geometrization conjecture was proved by Perelman and says that every prime closed 3-manifold M , either has a geometric structure or it splits along incompressible tori into pieces which admit a geometric structure and whose interiors have finite volume. The eight geometric structures described by Thurston derive from the simply connected manifolds S 3 , R 3 , and H 3 , the product manifolds S 2 × R and H 2 × R, and the Lie groups N il, Sol, and SL(2, R). In an equivalent way, each prime closed 3-manifold M either has a geometric structure or it splits along a family of disjoint incompressible tori as the union of hyperbolic manifolds (which admit H 3 geometries) and Seifert fibered pieces.
2.3. Foliated S 1 -bundles. Let Σ be a closed orientable surface of genus g ≥ 2. Assume Σ = Γ\H 2 is given by the action of a discrete subgroup Γ of P SL(2, R). The product Σ×S 1 is an example of foliation by hyperbolic surfaces, but more interesting examples can be constructed as suspension of a representation ρ : Γ → P SL(2, R). Since ρ(Γ) acts on S 1 = ∂H 2 , the circle at infinity of H 2 , we have a diagonal action of Γ on H 2 × S 1 giving rise to a S 1 -bundle M = Γ\(H 2 × S 1 ) over Σ. The horizontal foliation of H 2 × S 1 induces a foliation F whose leaves are diffeomorphic to the hyperbolic surfaces Γ z \H 2 . Here, Γ z = {γ ∈ Γ : ρ(γ)(z) = z} is the stabilizer of z ∈ S 1 . The minimality of F is equivalent to that of the action of Γ on S 1 . Foliated S 1 -bundles are classified, up to C ∞ isomorphism, by their Euler class e(ρ), which is an integer such that |e(ρ)| ≤ 2g − 2. As remarked in [29] , M admits a geometric structure H 2 × S 1 or SL(2, R) depending on whether e(ρ) = 0 or e(ρ) = 0, and we can state the following result: Proposition 1. Any foliated S 1 -bundle M has a minimal foliation by geometrically finite hyperbolic surfaces. If |e(ρ)| = 2g − 2, it also has a minimal foliation with geometrically infinite leaves.
Proof. Consider ρ : Γ → P SL(2, R) and let e(ρ) be its Euler class. As seen in [16] , if |e(ρ)| = 2g − 2 then ρ is discrete and faithful. In this case, M is the unit tangent bundle of Σ and F is the center-stable foliation for the geodesic flow of Σ, which is a minimal foliation by planes and cylinders. All the other Euler classes admit both faithful and non-faithful representation, as proved in [8] and [13] . When |e(ρ)| = 2g − 2, faithful representations are never discrete, so they are always minimal. Besides, all representations of nonnull Euler class correspond to minimal actions, see [15, Theorem 2] . This proves that all foliated bundles admit minimal foliations by planes and cylinders, and that when |e(ρ)| = 0, 2g − 2 there are also minimal foliations with leaves of infinite type. Finally, by [36, Theorem 2] , if ρ factorizes through a free group or a free abelian group, then e(ρ) = 0. In this case, ρ has a nontrivial kernel, and under the assumption that ρ(Γ) acts minimally on S 1 (including for instance an elliptic element of infinite order), the leaves we obtain are geometrically infinite.
Minimal foliations by geometrically infinite surfaces: variations on some classical constructions
In this section, we construct minimal foliations by geometrically infinite surfaces in 3-manifolds with geometries H 2 × R and SL(2, R), but also without geometric structure.
3.1. Cut-and-paste constructions. We start by describing a classical procedure for gluing handles to leaves of a foliation. Let F 0 be a minimal foliation of codimension one of a closed manifold M 0 . We shall modify (M 0 , F 0 ) in order to construct another minimal foliated manifold (M, F ) whose leaves are geometrically infinite. Firstly, since F 0 is minimal there is a closed transversal γ 0 which meets all leaves. Let V 0 ∼ = D × S 1 be a closed neighborhood of γ 0 such that the foliation induced by F 0 is conjugated to the horizontal foliation by disks D × {z}. The manifold M 1 = M 0 −V 0 obtained by removing the interior of V 0 admits a foliation F 1 which is transverse to the boundary ∂M 1 ∼ = S 1 × S 1 . By construction, the foliation induced by F 1 on ∂M 1 is conjugated to the horizontal foliation by circles S 1 × {z}. Let Σ be the closed surface of genus g ≥ 1, and remove the interior of a small disk D. The horizontal foliation
respecting the horizontal foliation, we obtain a foliated closed manifold (M, F ) whose leaves are geometrically infinite without planar ends (i.e. all neighborhoods of all ends have infinite genus).
Definition 4. We say that (M, F ) is obtained by Dehn surgery on a knotted or unknotted closed transversal γ 0 . We can also replace γ 0 with a link γ = γ 1 ∪ · · · ∪ γ k transverse to F 0 Example 5. Take a linear foliation F 0 on T 3 given as the suspension of a representation ρ :
) sending m and p to rotations R α (z) = e 2πiα z and R β (z) = e 2πiβ z where α and β are linearly independent over Z. By Dehn surgery on a closed transversal γ 0 , the leaves of F become infinitely many infinite Loch monsters or double Jacob's ladders, see Figure 1 . Now, let us discuss if M admits some geometry or not by distinguishing several cases. If γ 0 is a fiber of the trivial fibration from T 3 onto T 2 (up to isotopy) and if the toral automorphism ψ preserves the product structure of T 2 , then M has a structure of trivial S 1 -bundle over T 2 #Σ having a H 2 × R geometry. We can also glue handles using a toral automorphism that does not preserve the product structure. Then M still is a S 1 -bundle over T 2 #Σ but it is no longer trivial. Indeed, using the Mayer-Vietoris sequence, one can prove that the Euler class of M is equal to e (up to the sign) when ψ * (p) = p + em for some e ∈ Z * . It follows that M has a SL(2, R) geometry. We get:
Proposition 2. Any S 1 -bundle over a closed orientable hyperbolic surface admits a minimal foliation F by geometrically infinite leaves.
Recall that Milnor and Wood proved that if the Euler class of the bundle is in absolute value greater than the Euler characteristic of the base, the foliation cannot be transverse to the fibration. If γ 0 turns some times in the S 1 -direction, we have:
Proposition 3. Let (M, F ) be a foliated 3-manifold given by Dehn surgery on a closed transversal γ 0 to a linear foliation F 0 on the torus M 0 = T 2 × S 1 that turns r ≥ 2 times in the S 1 -direction. Then M is a graph-manifold, i.e. having a nontrivial toral decomposition into Seifert fibered pieces.
Proof. The piece M 1 = M 0 −V 0 admits a Seifert fibered structure such that each fiber in the boundary ∂M 1 ∼ = S 1 × S 1 meets each meridian r times. But the Seifert fibered structure induced on the boundary
remains isomorphic to the product structure. Both Seifert structures cannot be preserved by a gluing map ψ sending meridians to meridians. By gluing ∂M 1 and ∂M 2 , we obtain an incompressible torus T in M . Up to isotopy, we can assume that T belongs to a family of incomprenssible tori defining a toral decomposition of M . The torus T is the common boundary of two Seifert fibered pieces. Example 6. Take a torus bundle M 0 over S 1 with linear monodromy of type (2.2). Its Euler class is n. We endow M 0 with a foliation F 0 by dense cylinders using a procedure due to Hector [19] . To do so, we take the product T 2 ×[0, 1] foliated by the fibers of the map p 1 (x, y, t) = x. We choose a diffeomorphim ϕ : T 2 → T 2 sending meridians to meridians which projects to a diffeomorphism ϕ : , y) , 1) inherits a minimal foliation by cylinders. Moreover, if ϕ * is given by (2.2), then M ϕ ∼ = M 0 . By Dehn surgery on a closed transversal γ 0 , we have a foliated manifold (M, F ) whose leaves have two nonplanar ends. If n = 0, then M 0 has N il geometry and M has SL(2, R) geometry provided that γ 0 is isotopic to a fiber and ψ preserves the product structure. If ψ * sends m to m and p to p + em, then M has SL(2, R) geometry except for e = −n, in which case the geometry is modeled on H 2 × R. If the Dehn surgery is done along γ 0 which turns r ≥ 2 times in the S 1 -direction, then M is a graph-manifold by the same argument used in Proposition 3.
3.2. Gluing suspensions along linear foliations. We propose another method to construct minimal foliations with leaves of negative curvature on graph-manifolds. Since P SL(2, R) is a perfect group, any irrational rotation R θ is a product of commutators, namely
Let Σ be the closed surface of genus g and take Σ 1 = Σ −D. The fundamental group Γ 1 = π 1 (Σ 1 ) is a free group generated by classes α i and β i with 1 ≤ i ≤ g. Then one has a representation ρ 1 : Γ 1 → P SL(2, R) ⊂ Diffeo ∞ + (S 1 ) which sends α i to f i and β i to h i and hence the product of commutators is sent to R θ . If we suspend ρ 1 , we obtain a foliation F 1 on M 1 = Σ 1 × S 1 such that F 1 | ∂M1 is conjugated to the linear foliation F θ defined by R θ . The simple curve γ 0 representing the sum of m and p in π 1 (T 2 ) is transverse to F θ and hence we can think of F θ as the suspension of a diffeomorphism f : Γ 0 → Γ 0 where Γ 0 is the image of γ 0 . Since Diffeo 
Denoting by Γ 2 = π 1 (Σ 2 ) the fundamental group of the surface of genus n with the interior of a disk removed, there is a new representation ρ 2 :
which sends α i and β i (with 1 ≤ i ≤ n) to k i and l i respectively. If we suspend ρ 2 , we have a foliation F 2 on M 2 = Σ 2 × Γ 0 which is again transverse to ∂M 2 and such that F 2 | ∂M2 is conjugate to the suspension of f . Finally, we can glue together M 1 and M 2 along the boundary by a C ∞ diffeomorphism ψ : T 2 → T 2 which sends F θ to the suspension of f . Thus, we have a manifold M endowed with a minimal foliation F , but the gluing map doesn't preserve the Seifert fibrations on ∂M 1 and ∂M 2 . Since the leaves of F are made of pieces, which are leaves of F 1 and F 2 having exponential growth with respect to the metrics induced on M 1 and M 2 by any Riemannian metric on M , we deduce: Proposition 4. Let (M, F ) be a foliated 3-manifold which is obtained by gluing two suspensions along a linear foliation. Then M is a graph-manifold and the leaves of F are hyperbolic surfaces.
Hirsch surgery.
A third method to construct minimal foliations by hyperbolic surfaces on graph-manifolds is inspired by the classical Hirsch foliation. We start with two tori T 3 each endowed with a linear foliation by cylinders (or planes) transverse to the trivial fibration over T 2 , and we construct two foliated manifolds (M 1 , F 1 ) and (M 2 , F 2 ) with boundary as follows. We choose a fiber as closed transversal γ 1 , and we remove the interior of a closed neighborhood
to have a foliation by cylinders with holes on a manifold with boundary M 1 thus constructed. As in the cut-and-paste construction, the boundary ∂M 1 ∼ = S 1 × S 1 is transverse to the linear foliation and we can assume that the induced foliation is conjugate to the horizontal foliation by circles S 1 × {z}. Next, we choose a closed transversal γ 2 that turns two times in the fiber direction, and similarly we obtain another foliation by cylinders with holes on another manifold with boundary M 2 .
Finally, we take the closed unit disk D 1 ⊂ C minus the interior of two disks D Proposition 5. Let (M, F ) be a foliated 3-manifold given by Hirsch surgery from two linear foliations on T 3 . All the leaves of F are geometrically infinite hyperbolic surfaces. There are countably many leaves with cyclic holonomy.
Proof. Take the singular fiber of M 0 as closed transversal γ 0 which meets all leaves, and identify this with S 1 . Assuming that the linear foliations that constitute the starting point of the construction are given by two irrational numbers α and β, the holonomy pseudogroup reduced to γ 0 is generated by the doubling map f (z) = z 2 and the rotations R α (z) = e 2πiα z and R β (z) = e 2πiβ z for every point z = e 2πix ∈ S 1 . As proved in [30] , there is a holonomy representation of π 1 (M ) into the affine group Aff(R) whose image Γ generates the holonomy pseudogroup (up to equivalence). Since the linear part of any element of Γ is an integer power of 2, the stabilizer Γ x of the point x ∈ R must be trivial or cyclic. This means that the leaf passing through z has at most cyclic holonomy. But there always exist points with nontrivial stabilizers, and then F has holonomy. Finally, by construction, all leaves of F contain infinitely many pairs of pants, which approach all their ends, so they are geometrically infinite hyperbolic surfaces.
Foliations without holonomy on hyperbolic 3-manifolds
From now on, we deal with the construction of minimal foliations on hyperbolic 3-manifolds. Under a homological condition that will be made precise next, it is actually possible to construct foliations without holonomy proving Theorem 1.
4.1.
A Tischler type construction. Let M be a fiber bundle over S 1 with pseudoAnosov monodromy, and assume that its first Betti number b 1 ≥ 2. From [14] , there is a C ∞ diffeomorphism ϕ : Σ → Σ, called of pseudo-Anosov type, such that M is homeomorphic to M ϕ by a homeomorphism preserving the fibrations of M and M ϕ over S 1 . Denote by q the second one. Then the canonical 1-form dθ on S 1 lifts to an exact 1-form ω 0 = q * (dθ) on M ϕ . Let ω be a nonvanishing closed 1-form on M ϕ which is C ∞ close to ω 0 and such that its group of periods P er(ω) ∼ = Z r for some 2 ≤ r ≤ b 1 . Recall that P er(ω) is the additive subgroup of R generated by the set of integrals γi ω where {γ 1 , . . . , γ b1 } are loops representing a basis of H 1 (M ϕ , R). The nonvanishing 1-form ω defines a foliation without holonomy F whose leaves are diffeomorphic to the regular covering of Σ with deck transformation group Z 
the algebraic intersection number defines a symplectic structure on the homology group H 1 (Σ, R) ∼ = R 2g . Each orientation-preserving homeomorphism ϕ : Σ → Σ induces an automorphism ϕ * : H 1 (Σ, R) → H 1 (Σ, R) respecting this structure and hence the mapping class group Mod(Σ) admits a homology representation Ψ : Mod(Σ) → Sp(2g, Z) on the symplectic group Sp(2g, Z). The Torelli group T (Σ) is the subgroup of Mod(Σ) consisting of those elements which act trivially on H 1 (Σ, R), that is, T (Σ) = Ker Ψ.
Definition 7. For each element ϕ ∈ Mod(Σ), we denote by k(ϕ) the dimension of the invariant subspace of H 1 (Σ, R) which is fixed by ϕ * . We say ϕ is partially Torelli of order k(ϕ). In particular, if ϕ ∈ T (Σ), then k(ϕ) = 2g. By Wang's homology sequence, the first homology group
and the first Betti number b 1 = k(ϕ) + 1. Examples of pseudo-Anosov maps in the Torelli group were constructed by Thurston in [31] . In fact, for any 0 ≤ k ≤ 2g, there exist pseudo-Anosov maps which are partially Torelli of order k. Explicit examples have been constructed in [1] when k > 0 and in [27] when k = 0. This proves that any hyperbolic surface bundle over S 1 having first Betti number b 1 ≥ 2 actually has a foliation without holonomy by geometrically infinite surfaces of polynomial growth.
Foliations via branched coverings
In this section, we are interested in a very general method for adding topological complexity to the ambient manifold and the leaves of a foliation, which is valid in any dimension. Let π : M → M 0 be a branched covering between closed 3-manifolds with branch locus B 0 ⊂ M 0 and ramification locus B ⊂ M of dimension one. Since π is a submersion, any foliation by surfaces F 0 of M 0 lifts to a foliation by surfaces F of M that coincides with the usual lifted foliation π * F on the complement of B = π −1 (B 0 ). Moreover, if F 0 is transverse to B 0 , then F is transverse to B. Next we apply this method to construct minimal foliations by geometrically infinite surfaces on a large family of hyperbolic 3-manifolds that fiber over S 1 .
5.1.
Minimal foliations on hyperbolic 3-manifolds. Let ϕ : Σ → Σ be an orientation-preserving pseudo-Anosov homeomorphism, and assume the measured foliations F + ϕ are orientable. Definition 8. We say ϕ is of Franks-Rykken type if there are a hyperbolic toral automorphism A : T 2 → T 2 and a branched covering π 0 : Σ → T 2 such that π 0 is a semiconjugacy from ϕ to A that makes the following diagram commute:
The branched covering π 0 : Σ → T 2 extends to a branched covering π :
such that q 0 •π = q where q : M ϕ → S 1 and q 0 : T 3 A → S 1 are the fibrations of the mapping torii of ϕ and A respectively. In [12] , Franks and Rykken give a necessary and sufficient condition to have monodromy of this type: the stretch factor of ϕ must be quadratic over Q. Consequently, we can reformulate Theorem 2 as follows: Theorem 9. Let M = M ϕ be a closed orientable hyperbolic 3-manifold that fibers over the circle S 1 . Asume that the monodromy ϕ is of Franks-Rykken type. Then M admits a minimal transversely affine foliation F whose leaves are geometrically infinite hyperbolic surfaces.
Proof. Firstly, up to conjugation by a homeomorphism isotopic to the identity, we can assume that ϕ is a C ∞ diffeomorphism of both pseudo-Anosov and FranksRykken type. Then the branched covering π 0 : Σ → T 2 in Diagram (5.1) extends to a branched covering π : M → T But replacing the orbits O 1 , . . . , O n by isotopic closed transversals γ 1 , . . . , γ n to both the fibration q 0 and the foliation F 0 , the branch locus B 0 becomes transverse to both q 0 and F 0 . We lift F 0 to a foliation by surfaces F on M such that B is transverse to both the fibration q and the foliation F . By minimality, each component γ i of B 0 is a complete transversal to F 0 (i.e. it meets all leaves) and therefore each component of B is also a complete transversal to F . The local description of the branched covering around this complete transversal tells us that the holonomy pseudogroups of the foliations F 0 and F are conjugate. Therefore, F 0 and F share the same transverse structure and hence F is minimal and transversely affine.
On the other hand, each leaf L ∈ F is a branched cover of some leaf L 0 ∈ F 0 . By minimality, L 0 contains countably many branch points in each component of B 0 , and each end of L 0 is approached by these branch points. The leaf L also contains countably many ramification points with the same index in each component of B, and each end of L is also approached by these ramification points. We cover L 0 by an increasing sequence of closed disk or cylinders D k (depending on whether L 0 is a plane or a cylinder) that contain a finite number of branch points p 1 , . . . , p k . Then L can be covered by an increasing sequence of branched covers
is not bounded from below, where d is the degre of the branched cover and d i is the number of ramification points over each branch point p i with ramification index e i . Consequently, all leaves of F have infinite genus. In fact, no end is planar.
Action on homology of pseudo-Anosov maps of Franks-Rykken type.
As in Section 4, it is natural to ask about the action on homology of a pseudoAnosov map ϕ : Σ → Σ making commutative Diagram (5.1). This induces another diagram
in homology. Since A * fixes no nontrivial subspace of H 1 (T 2 , R), we have that the subspace of H 1 (Σ, R) fixed by ϕ * is contained in the kernel of (π 0 ) * . Therefore, its dimension k(ϕ) ≤ 2g − 2 and hence M ϕ has first Betti number b 1 ≤ 2g − 1. In Section 6, we will construct two examples from pseudo-Anosov maps with stretch factor quadratic over Q and Torelli order k = 0, but we do not know examples with 1 ≤ k ≤ 2g − 2.
Two examples
Here, we illustrate Theorem 2 by describing two specific examples: 6.1. An even number of branch points. Let T We still denote by F 0 the center-unstable foliation of the Anosov flow, and we exemplify Theorem 2 by constructing directly a branched cover of T
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A endowed with a foliation by hyperbolic surfaces obtained from F 0 . For any even number n = 2g − 2 with g ≥ 2, we choose n periodic points p 1 , . . . , p n of A and the corresponding periodic orbits O 1 , . . . , O n of the Anosov flow. Up to replacing A by one of its powers, we can actually assume that p 1 , . . . , p n are fixed by A. As explained by Laudenbach in [9, Exposé 13] , there is a closed surface Σ of genus g which is the total space of a 2-fold branched covering of the torus T 2 with branch points p 1 , . . . p n . Indeed, as the fundamental group of T 2 − {p 1 , . . . , p n } is a free group generated by the generators m and p of π 1 (T 2 ) and the classes α 2 , . . . , α n a a ′ a Figure 2 . 2-fold branched covering of D which are represented by loops around the holes p 2 , . . . , p n , we can take a branched covering π 0 : Σ → T 2 associated to a representation
such that ρ(α i ) = 1 is the generator of Z/2Z for i = 2, . . . , n. Since n is even, ρ(α 1 ) = n i=2 ρ(α i ) = 1 and the branch covering is also nontrivial around p 1 . In other words, this branched cover can be constructed as follows: (1) 
, where e i = 2 is the index of the unique ramification point over p i . By the choice of the branch points, A lifts to pseudo-Anosov homeomorphism ϕ : Σ → Σ with the same stretch factor. Now, as in the proof of Theorem 2, we consider an isotopy between O i and a closed transversal γ i to both q 0 and F 0 and we construct a 2-fold branched cover M of T 3 A with branch locus γ = n i=1 γ i as follows: (1) we choose a tubular neighborhood ψ i : By construction, M is homeomorphic to M ϕ and F 0 lifts to foliation F of M whose leaves are 2-fold branched coverings of the leaves of F 0 with countably many branch points. Reasoning as in the proof of Theorem 9, no leaf has a planar end.
6.2.
A single branch point. Let d and a 1 , a 2 , a 3 , a 4 be integers such that
Given four distinct points z 1 , z 2 , z 3 , z 4 ∈ C, we consider the Riemann surface This is a branched cover of the Riemann sphere CP 1 with branch points z 1 , z 2 , z 3 , z 4 . The group of deck transformations is the cyclic group Z/dZ formed by the transformations τ (z, w) = (z, ζw) where ζ is a primitive d-th root of unity. As explained in [11] , up to a factor, the quadratic differential q = (dz) 2 /(z−z 1 )(z−z 2 )(z−z 3 )(z−z 4 ) defines a flat structure on CP 1 with singularities at z 1 , z 2 , z 3 , z 4 , which can be obtained by identifying the boundaries of two copies of the unit square, see Figure 3 . Thus, the total space of the branched covering π 0 : Σ d (a 1 , a 2 , a 3 , a 4 ) → CP 1 is a square-tiled surface, which contains gcd(d, a i ) ramification points over each point z i with index d/gcd(d, a i ).
If d is even and all a i are odd, there is a holomorphic form ω such that ω 2 = π * 0 q and then Σ d (a 1 , a 2 , a 3 , a 4 ) is a translation surface. By the Riemann-Hurwitz formula, the Euler characteristic of Σ d (a 1 , a 2 , a 3 , a 4 ) is given by χ (Σ d (a 1 , a 2 , a 3 , a 4 By choosing a i such that gcd(d, a i ) = 1, we deduce from (6.4) that Σ d (a 1 , a 2 , a 3 , a 4 ) is a closed surface of genus g = d − 1. Then Σ d (a 1 , a 2 , a 3 , a 4 ) is a 2d-fold branched cover of T 2 with a single branch point and four ramification points having ramification index d/2. For example, the translation surface Σ 4 (1, 1, 1, 1) represented in Figure 4 is a 8-fold branched cover of T 2 with 4 ramification points of index 2, see [11] . In restriction to a closed neighborhood D of the unique branch point p, this 2d-fold branched cover splits into four disjoint copies D As before, the toral automorphism (6.1) lifts to a pseudo-Anosov homeomorphism ϕ : Σ d (a 1 , a 2 , a 3 , a 4 ) → Σ d (a 1 , a 2 , a 3 , a 4 ). Let O be the periodic orbit of the Anosov flow that is given by the unique fixed point of A. There is a isotopy between O and a closed transversal γ to both the fiber bundle over S 1 and the foliation F 0 . Let M be the 2d-fold branched cover of T 1, 1, 1, 1) (3) we removeV ∼ =D × S 1 from M , we take the 2d-fold covering of M −V defined by trivial extension of the representation (6.5), and we attach four copies of the d/2-fold branched cover D ′ × S 1 using a diffeomorphism from each ∂D ′ × S 1 to each connected component of the 2d-fold regular cover induced over ∂(M −V ) = ∂V ∼ = ∂D × S 1 .
As previously, F 0 turns into a foliation F on M whose leaves are 2d-fold branched coverings of the leaves of F 0 with countably many branch points. There are four ramification points with ramification index d/2 over each branch point. RiemannHurwitz formula tells us again that any leaf has infinite genus and no end is planar.
